A friction model is developed by considering the Coulomb friction model, a probabilistic approach of wear prediction, the kinematics of the pin-on-disc configuration and the elastic theory of bending. The model estimates the magnitude and direction of the frictional force, the pin torque, the probability of asperity contact and the real area of contact distinguishing between the part due to elastic and plastic asperity contacts respectively. Therefore, the proposed model is suitable for the prediction of adhesive wear. It can be applied to metal contacts for conductance characterisation through the plastically deformed asperities which is of great interest for electrical contact resistance studies.
Introduction
The pin-on-disc configuration is a common test for the study of sliding wear. The pin on disc tester measures the friction and sliding wear properties of dry or lubricated surfaces of a variety of bulk materials and coatings [1] . For polymer testing, special pin on disc machines is used to report the wear rates produced using different pin-on-disc configurations [2] . Two basic pin-on-disc configurations are typically found depending of the loading of the pin along its major axis, which can be either in a direction normal (horizontal configuration) or parallel (vertical configuration) with the axis of rotation of the disc [2] . If the rotation of the pin is controlled by an actuator two new categories appear "horizontal configuration with imposed pin rotation" and a "vertical configuration with imposed pin rotation" respectively [3] . The interest of the former machines is that kinematically they are generalisation versions of the usual pin-on-disc machine where the pin is fixed. The kinematic study of this machine was reported in Ref. [4] and it is the fundamental pillar to devise the probabilistic friction and adhesive wear prediction models for the pin-ondisc apparatus.
In sliding contacts, adhesive wear mechanisms always occur [5] . Friction causes the asperities on one surface to become cold welded to the other surface. The volume of material transferred for adhesive wear is proportional to the real area of contact and the sliding distance. Several probabilistic models based on the Archard Adhesive Wear Law [6] for dry and lubricated contacts are found in the literature [7] . A complete review of the probabilistic approach for wear prediction in lubricated sliding contacts can be found in Ref. [8] .
An initial study to model the friction is shown in Ref. [4] . Several improvements with respect to the former model are achieved by a frictional model based on the following assumptions:
• The interfacial shear strength, τ, is independent of the local velocity [4] .
• The interfacial shear strength is not a function of the magnitude of the local relative displacement [4] . A sequential methodology is followed which discusses the steps to be taken in order to develop the proposed model.
Kinematic analysis of the pin-on-disc configuration with imposed rotation of the pin
The kinematic analysis of the pin-on-disc setup with imposed rotation of the pin was developed in Ref. [4] . As a result, the pinon-disc configuration with imposed rotation of the pin is kinematically equivalent to the pin-on-plate configuration assuming a pin sliding along a straight line with velocity V = ω d r and simultaneously rotating about its centre, O p with angular velocity ω p . The same conclusions can be drawn analysing the kinematics of the velocity vectors → u, → s in one instant of time according to the system of reference X′Y′ of Fig. 1 .
The system of reference X′Y′ is fixed to the disc. The velocity field is analysed in the instant of time when the centre of the pin is aligned to the axis Y′. XY is a local system of reference centred at (X′,Y′) = (0,R) for convenience. The disc rotates with an angular velocity ω d and the pin rotates with an angular velocity ω p according to Fig. 1 .
From Fig. 1 , the field of velocities represented by the components → u, → s of a point P within the pin for the instant of time when the centre of the pin is in (X′,Y′) = (0,R) are shown in Eq. (1).
Eq. (1) can be expressed in polar coordinates as shown in Eq. (2): . Velocity vectors at point P within the pin with imposed rotation ω p in the pin-on-disc configuration. The system of reference (X′,Y′) is fixed to the disc.
A probabilistic friction force model for pin-on-disc configuration
The first step to devise the final model is to assume the following: the real contact area (A r ) is proportional to the contact area (A), the real area of contact (A r ) does not change with α, and it is uniformly distributed within the contact area (A). Under such conditions, the probability of asperity contact can be defined with a new parameter p = A r /A. The real contact area and the probability of asperity contact are proportional to the local contact pressure. This is a result of the combination of Coulomb friction model and adhesive models as shown in Eq. (3).
Where 'p' is the local relation between the real contact area and the contact area. This 'p' is a parameter that can be experimentally obtained.
According to the adhesion model of friction, each differential of the contact area (dA) contributes to the force acting on the pin by the contribution of the differential real contact area (p•dA) and the interfacial shear stress, (τ). The sense of the friction force is opposite to the resultant force acting on the pin, where Ψ is the angle of the resultant force acting on the pin [4] . The friction forces are shown in Eq. (4).
The previous expressions can be written in more elegant form using the parameter α = ω p /ω d , Eq. (5).
The differential friction force which contributes to the differential friction torque is shown in Eq. (6):
The differential torque is shown in Eq. (7).
The friction torque is shown in Eq. (8) .
Assuming a uniform distribution of the real contact area, the y-component of the frictional force is 0. This conclusion can be drawn visualising that the sum of all velocities along 'y' direction is 0. This is because the field of velocities along 'y' is an odd function in respect to the 'x' component which fulfils Eq. (9) .
As a result, the 'y' component of the force acting on the pin is 0 according to this model.
Normalised results of the preliminary probabilistic friction model
The integrals of Eqs. (4) and (8) are graphically determined for a wide range of input conditions using a suitable normalisation criterion. This normalisation criterion consists on dividing the Eqs. (4) and (8) When α is positive, the disc and the pin angular velocities have the same sense otherwise when α is negative, the angular velocities of the disc have opposite senses.
When α N 0:
• F x is proportional to the contact area of the pin • F x tends to be maximum when α b 1 or |ω d |NN|ω p |
• F x tends to be 0 when |ω p |NN|ω d | When α N 0:
• The frictional torque is 0 for α = 1 (The pin does not rotate in the pin on plate equivalent model)
• Frictional torque is negative for α b 1 • Frictional torque is positive for α N 1
• The frictional torque T is proportional to the pin radius.
When α b 0:
• F x is proportional to the contact area of the pin • F x tends to be maximum when |ω d |N N |ω p |
• F x tends to be 0 when |ω p |N N |ω d | When α b 0:
• The sense of the frictional torque T F does not change for all values of α.
• The frictional torque is maximum if |ω p |NN | ω d | • The frictional torque T F is proportional to the pin radius. 
Validation of the preliminary model with experimental data
The experimental data is obtained from Ref. [4] and it is curve fitted using different types of regression (Figs. 10-12 ). Although ϕ is reported in Ref. [4] as inverse proportional to α, the experimental data must be directly proportional to α to match the model tendencies according to Figs. 2-9 . The experimental points and the types of regression used in Matlab are represented in Table 1 .
Using the experimental data provided in Ref. [4] , the best value of p according to the x component of the frictional can be obtained optimising the best value in least mean squares sense for the whole range of ϕ. The model predictions are shown in Table 3 .
The friction torque predictions for positive and negative α are two orders of magnitude larger than the one reported in Ref. [4] , but the scale of predictions is within the expected range according to the values of F x and a pin radius of 4 mm. The torque tendencies are not exactly the same as the experimental ones.
The next step is the assumption of a real area of contact uniform distributed within the contact area that can vary with the ratio of the angular velocity of the pin and the angular velocity of the disc (α). This assumption is reasonable as the coefficient of friction could change with the relative velocities within the contacting surfaces [11] . Therefore, the probability of asperity contact (p) is expressed as a function of (α).
The values of p can be obtained using the experimental 'x' component of the total frictional force. The model predictions for the 'y' component are still null, so the experimental values cannot be used to determine p. According to this model, the real area of contact and the contact pressure change with α. The proposed model has the limitation of a real area of contact totally plastic or 
Table 1
Experimental data obtained from [4] . 'pchipinterp' elastic depending on the contact pressure. A suitable criterion to classify the type of contact area consists on selecting an elastic asperity contact if the contact pressure is less than 0.6H, H is the hardness and plastic asperity contact otherwise [9] . 
Improved probabilistic model for pin-on-disc configuration
If the pin behaves as an elastic deformable body, a simplified analysis of the stresses acting on the pin can be performed using the elementary elastic bending theory. The contact pressure along the pin is higher in the vicinities of the "leading" edge than in the "trailing" edge due to a slight bending produced by the friction force, Fig. 21 . A non uniform distribution of contact stress leads to a non uniform distribution of probability of asperity contacts within the contact area. Therefore, this new distribution can produce a friction force in the direction of y-axis different to 0. The contact pressure is obtained using the theory of elastic bending [10] . A bar under a bending couple has the stresses shown in Eq. (10).
where R is the radius of curvature and E is the Young's modulus. The value of σ z is a plane that contains the 'y' axis. The moment created by the distribution of σ z is given by Eq. (11).
M y = ∫σ z xdA ð11Þ The determination of 'k 1 ' is shown in Eq. (12). Fig. 22 helps to visualise the equivalent force system.
Although the contact pressure in contact theory is normally expressed as positive, in elasticity a compressive stress is expressed as negative. In this study the contact pressure is positive.
Using the Principle of Superposition it is possible to divide the stress distribution in two different problems: the compression and the bending, Fig. 21 .
As a result, the contact pressure can be expressed as shown in Eq. (13): where L is the load, h is the height of the pin and F R is the resultant friction force.
It is possible to calculate a limit of height or a limit of friction force to ensure the whole pin surface is making contact with the disc. This limitation is expressed in Eq. (15).
The condition of contacting surfaces separation occurs in the point where x is equal to the pin radius (r p ), Eq. (16).
This limitation implies a pin can be separated from the disc if its height or the friction force is high enough. The stress distribution on the counterface of the pin can be generalised for a resultant friction force that it is not parallel to the x-axis. θ R is the angle between the x-axis and the resultant of the experimental friction force, hence the contact stress distribution is:
The friction forces and friction pin torque for this new model can be expressed as shown in Eq. (18):
The probability of asperity contact for this model is shown in Eq. (19).
The main improvements of this model in respect to the previous one are the predictions of:
• The "y" component of the friction force.
• The contact stress distribution within the pin. • The probability of asperity contact.
• The real contact area due to elastic and plastic asperity contacts according to the mentioned criteria of 0.6H.
Possible applications of the improved model
Several studies of adhesive wear in dry and lubricated contacts are reported in the literature [7, 8] . The probabilistic models are based on Archard Wear Law. Amongst them, the most complete in the literature predicts adhesive wear for lubricated contacts [7] and it is shown in Eq. Another application of the proposed model is the study of the electrical contact resistance (ECR). This is of special interest for the assessment of the boundary layer formation under mixed and boundary lubrication regimes. The study can be carried out assuming only the plastic asperity contacts are the main contributors for the final conductance [9] as shown in Eq. (21).
Where ρ the electrical resistivity of the material. 
Conclusions
A new model has been developed using the kinematics of the pin-on-disc apparatus, the use of the probabilistic approach for wear prediction and elastic bending theory which improves the previous study [4] . This new model predicts the different components of the resultant force acting on the pin, the pin torque, the stress distribution along the contact area, the probability of asperity contact and the real area of contact distinguishing between elastic and plastic area of contact. The proposed model is of interest in electrical contact resistance (ECR) studies because it can predict the conductance using the predicted real contact area due to plastic asperity contacts. This model will be used in future work to assess the asperity contact theory and adhesion models since it predicts the pressure distribution and the plastic and elastic real area distribution within the contact. The wear coefficient for non welded junctions k p The wear coefficient for welded junctions A e
The area of contact for elastic asperity contacts A p
The area of contact for plastic asperity contacts G p Conductance assuming plastic asperity contacts ρ Electric resistivity of the material
